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Let p be a prime number, G a p-group of order ≤ p4K a ﬁeld with charK = p.
If the exponent of G is pe and K contains a primitive peth root of unity, then
KV G is rational (=purely transcendental) over K where ρ  G → GLV  is any
linear representation of G over K. © 2001 Academic Press
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1. INTRODUCTION
Let K be a ﬁeld, and V a ﬁnite-dimensional vector space over K with
dimK V = n. Let G be a ﬁnite group and ρ  G → GLV  be a linear
representation. Thus G induces an action on SV , the symmetric alge-
bra of V ; and therefore G also acts on KV , the quotient ﬁeld of SV .
More explicitly, choosing a basis x1     xn for V , then the representa-
tion ρ becomes a group homomorphism ρ  G → GLnK; if σ ∈ G and
ρσ = aij1≤i j≤n ∈ GLnK, then G acts on KV  = Kx1     xn by
σxj =
∑n
i=1 aijxi. (Strictly speaking, in order to identify SV  with the
polynomial K	x1     xn
, we should choose x1     xn to be a basis of V ∗,
the dual space of V . But it seems harmless to “identify” x1     xn as a
basis of V throughout our discussion.)
The main problem of this paper is: Under what situations is the ﬁxed
ﬁeld KV G = f ∈ KV   σf  = f for any σ ∈ G rational (=purely
transcendental) over K? First we recall the results of Fischer, Swan, and
Saltman.
Theorem 1.1 (Fischer). Let G be an abelian group of exponent e, i.e.,
σe = 1 for any σ ∈ G. Assume that (i) either char K = 0 or char K > 0 with
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char K  e, and (ii) K contains a primitive eth root of unity. Then KV G is
rational over K.
Theorem 1.2 (Swan [Sw1]). Let G = σ be a cyclic group of order 47
and σ act on x1     x47 by
σ  x1 → x2 → x3 → · · · → x47 → x1
Then x1     x47σ is not rational over .
Theorem 1.3 (Saltman [Sa]). For any prime number p and for any ﬁeld
K with char K = p (in particular, K may be an algebraically closed ﬁeld),
there is a p-group G of order p9 such that the unramiﬁed Brauer group of
L = Kxσ  σ ∈ GG is not trivial where G acts on ⊕σ∈GK · xσ by the
regular representation. In particular, L is not rational over K.
By computing the unramiﬁed Brauer group of an algebraic variety,
Bogomolov was able to reduce the order of the p-group. Namely,
Theorem 1.4 (Bogomolov [Bo]). For any prime number p, there is a
p-group G of order p6 such that xσ  σ ∈ GG is not rational over .
In view of Bogomolov’s Theorem, we may wonder whether V G is
rational for every p-group G of order ≤ p5 and for any complex linear
representation ρ  G → GLV . Because of Theorem 1.1, it sufﬁces to
consider non-abelian p-groups G.
Theorem 1.5 (Beneish [Be]). If G is a non-abelian group of order p3,
then xσ  σ ∈ GG is stably rational over .
The main result of this paper is that the restriction to stable rationality
in Beneish’s Theorem is unnecessary and the group order can be expanded
to p4, i.e.,
Theorem 1.6. Let p be a prime number, G be a p-group of order ≤ p4.
Assume that (i) the exponent of G is pe, (ii) char K = 0 or char K = p, and
(iii) K contains a primitive peth root of unity. Then KV G is rational over K
for any linear representation ρ  G→ GLV .
We haven’t determined completely the rationality problem when the
order of the group G is p5, i.e., whether Bogomolov’s result, Theorem 1.4,
is the “best possible counter-example” for p-group actions. We would like
to remark that the rationality of KV G, when char K = p > 0 and G is a
p-group, is solved by Kuniyoshi:
Theorem 1.7 (Kuniyoshi [K]). If char K = p and G is a ﬁnite p-group,
then KV G is rational over K for any linear representation ρ  G→ GLV .
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We shall organize this paper as follows. In Section 2 we shall classify all
the p-groups of order p3 and all of their irreducible representations. The
classiﬁcation of p-groups of order ≤ p5 is well known to the experts. Thus
our job is to list all the irreducible representations. We shall do the similar
work for p-groups of order p4 in Section 3. The proof of Theorem 1.6 will
be given in Section 4.
Standing Notations. Throughout this paper, we shall assume, unless oth-
erwise speciﬁed, that p is a prime number and K is a ﬁeld with char K = p.
The exponent of a p-group G, no matter whether it is abelian or not, is
understood to be max ordσ  σ ∈ G. The commutator subgroup of a
group G is denoted by G′. For σ τ in a group G, we shall denote τ−1στ
by στ. If a ∈ K\0, deﬁne
Pa =


0          0 a
1 0 0
1 0

1
  

   0

1 0


∈ GLpK
i.e., with respect to a prescribed base e1     ep P is the linear map
P  e1 → e2 → e3 → · · · → ep → ae1
If a = 1, we shall simply write P instead of P1.
2. GROUPS OF ORDER p3
The classiﬁcation of ﬁnite p-groups of order ≤ p5 is a well-known fact
to the experts. For example, a list of p-groups of order p3 together with
their ordinary irreducible representations can be found in [G, Sect. 5.5.]; a
list of all non-isomorphic p-groups of order p4 can be found in [Hu]. The
classiﬁcation of p-groups of order p5 is more subtle; the reader is referred
to [Sz, L].
As to the irreducible representations, since a p-group G is supersolv-
able, it follows that each irreducible representation of G is induced by a
representation of degree one of some subgroup of G [Se, Theorem 16,
p. 66]. Life becomes much easier when the order of G is p3 or p4 : Choose
a suitable abelian normal subgroup H of G with 	G  H
 = p, construct
induced representations of G induced by non-trivial degree-one representa-
tions of H, and select a representative from each equivalence class among
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these p3 − 1 representations of degree p. In this way, we get all the faith-
ful irreducible representations we need. This also explains the reason why
we require that K contains enough roots of unity in Sections 2 and 3.
In the sequel until the end of this section, except in Lemma 2.2, G is
always assumed to be a group of order p3 with exponent pe, and K is a
ﬁeld containing a primitive peth root of unity.
Lemma 2.1. Let G be a non-abelian group of order p3. Then G′ = p
and G has precisely p2 linear representations of degree one over K and p− 1
irreducible representations of degree p over K.
Proof. Suppose G has h linear representations of degree one over K
and k irreducible representations of degree p over K where K is the alge-
braic closure of K. Then h + kp2 = p3. Since h = G/G′, it follows that
h = p2 and k = p− 1. In the following Theorem 2.3 we shall show that all
these irreducible representations are deﬁned over K. Hence the result.
Lemma 2.2. Let G be a ﬁnite group (it is not necessary to assume that
G = p3). Let ρ1 ρ2  G→ GLnK be linear representations. Suppose that
there exist σ τ ∈ G such that
ρ1σ=


λ1
λ2
  
  
λn


 ρ1τ=


0 α
1 0
1 0
  
  
1 0



ρ2σ=


µ1
µ2
  
  
µn


 ρ2τ=


0 β
1 0
1 0
  
  
1 0



Assume that there exists A ∈ GLnK such that ρ2g = Aρ1gA−1 for all
g ∈ G. Then α = β and, for some 0 ≤ i ≤ n − 1A = a · ρ1τi for some
a ∈ K\0, µj = λj+i for 1 ≤ j ≤ n where j + i is understood to be j + i− n
if it exceeds n.
Proof. Compare the determinants of ρ2τ = Aρ1τA−1. We ﬁnd
α = β.
Since A commutes with ρ1τA is of the form a0 + a1ρ1τ+
a2ρ1τ2 + · · · + an−1ρ1τn−1 for some ai ∈ K by Frobenius’ Theorem [J,
Corollary, p. 201]. From ρ2σ = 
∑
i aiρ1τiρ1σ
∑
i aiρ1τi−1, it fol-
lows that aiρ2σρ1τi = aiρ1τiρ1σ for 0 ≤ i ≤ n − 1 because the
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non-zero entries of ρ1τj and ρ1τk will not appear at the same place
if j = k. If ai = 0, then ρ2σρ1τi = ρ1τiρ1σ. Hence µj = λj+i for
all j.
Theorem 2.3. For p = 2, there are only two non-isomorphic non-abelian
groups of order p3. These groups and all of their irreducible representations of
degree pp− 1 in total for each one, are listed as
(I) G = σ τ  σp2 = τp = 1 στ = σp+1,
ρ  G→ GLpK
ρσ =


ωi
ωi1+p
ωi1+2p
  
ωi1+p−1p

  ρτ = P
where ω ∈ K is a primitive p2th root of unity and 1 ≤ i ≤ p− 1. (Recall the
deﬁnition of the matrix P at the end of Section 1.)
(II) G = σ τ λ  σp = τp = λp = 1 στ = σλ = σ τλ = στ,
ρ  G→ GLpK
ρσ =


ζi
ζi
  
ζi

  ρτ =


1
ζi
ζ2i
  
ζp−1i

 
ρλ = P
where ζ ∈ K is a primitive pth root of unity and 1 ≤ i ≤ p− 1.
For p = 2, the only non-abelian groups of order 8 are the dihedral group
and the quaternion group. For their irreducible representations of degree 2, (II)
should be replaced by the following
II′ G = σ τ  σ4 = τ4 = 1 σ2 = τ2 στ = σ3, the quaternion
group,
ρ  G→ GL2K
ρσ =
(√−1 0
0 −√−1
)
 ρτ =
(
0 −1
1 0
)

Proof. We refer the reader to [G, Sect. 5.5, p. 203 ff] for the classiﬁca-
tion of p-groups of order p3. As to a list of all the irreducible representa-
tions, see the second paragraph of this section.
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3. GROUPS OF ORDER p4
In this section, G is always assumed to be a group of order p4 with
exponent pe, and K is a ﬁeld containing a primitive peth root of unity.
Lemma 3.1. Let G be a non-abelian group of order p4.
(i) G′ = p or p2.
(ii) If G′ = p, then G has precisely p3 linear representations of degree
one over K and p2 − p irreducible representations of degree p over K.
(iii) If G′ = p2, then G has precisely p2 linear representations of
degree one over K and p2 − 1 irreducible representations of degree p over
K.
Proof. The proof of (ii) and (iii) is similar to that of Lemma 2.1 and
therefore is omitted.
It remains to prove (i), i.e., G′ = p3 is impossible.
Note that a p-group of order pr has a normal subgroup of order ps for
every 0 ≤ s ≤ r. In particular, G has a normal subgroup H of order p2.
Hence G/H is abelian. It follows that G′ ⊂ H and G′ = p3 is impossible.
Theorem 3.2. If p ≥ 5, there are precisely ten non-isomorphic non-
abelian groups of order p4. These groups G and ρ  G→ GLpK, all of the
irreducible representations of degree p, are listed as
(I) G = σ τ  σp3 = τp = 1 στ = σp2+1,
ρσ =


ηi
ηi1+p
2
ηi1+2p
2
  
ηi1+p−1p
2

  ρτ = P
where η ∈ K is a primitive p3th root of unity and 1 ≤ i ≤ p2 − 1 with p  i.
(II) G = σ τ  σp2 = τp2 = 1 στ = σp+1,
ρσ =


ωi
ωi1+p
ωi1+2p
  
ωi1+p−1p

  ρτ = Pω
jp
where ω ∈ K is a primitive p2th root of unity and 1 ≤ i ≤ p − 1 and
0 ≤ j ≤ p− 1.
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(III) G = σ τ λ  σp2 = τp = λp = 1 στ = σλ = σ τλ = σpτ,
ρσ =


ωi
ωi
  
ωi

 
ρτ =


1
ζi
ζ2i
  
ζp−1i

  ρλ = P
where ω is a primitive p2th root of unity, ζ = ωp and 1 ≤ i ≤ p2 − 1 with
p  i.
(IV) G = σ τ λ  σp2 = τp = λp = 1 στ = σσλ = στ τλ =
σpτ,
ρσ =


ωi
ωi
ωi1+p
ωi1+32p
  
ωi1+p−12 p



ρτ =


1
ζi
ζ2i
  
ζp−1i

  ρλ = P
or
ρσ =


1
ζj
ζ2j
  
ζp−1j

 
ρτ =


ζj
ζj
  
ζj

  ρτ = P
where ω is a primitive p2th root of unity, ζ = ωp, 1 ≤ i ≤ p2 − 1, with
p  i, 1 ≤ j ≤ p− 1.
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(V) G = σ τ λ  σp2 = τp = λp = 1 στ = σσλ = στ τλ =
σspτ where s is a quadratic non-residue modulo p,
ρσ =


ωi
ωi
ωi1+sp
ωi1+32sp
  
ωi1+p−12 sp



ρτ =


1
ζis
ζ2is
  
ζp−1is

  ρλ = P
or
ρσ =


1
ζj
ζ2j
  
ζp−1j

 
ρτ =


ζj
ζj
  
ζj

  ρτ = P
where ω is a primitive p2th root of unity, ζ = ωp, 1 ≤ i ≤ p2 − 1, with
p  i, 1 ≤ j ≤ p− 1.
(VI) G = σ τ λµ  σp = τp = λp = µp = 1 στ = σλ = σσµ =
στ τλ = τµ = τ λµ = λ,
ρσ=


1
ζj
ζ2j
  
ζp−1j

 ρτ=


ζj
ζj
  
  
ζj



ρλ=


ζk
ζk
  
  
ζk


 ρµ=P
where ζ is a primitive pth root of unity, 1 ≤ j ≤ p− 1 0 ≤ k ≤ p− 1.
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(VII) G = σ τ λµ  σp = τp = λp = µp = 1 στ = σλ = σµ =
σ τλ = τ τµ = στ λµ = τλ,
ρσ =


ζi
ζi
  
  
ζi



ρτ =


1
ζi
ζ2i
  
ζp−1i

 
ρλ =


ζk
ζk
ζk+i
ζk+i32
  
ζk+ip−12 


 ρµ = P
or
ρσ =


1
1
  
  
1

  ρτ =


ζj
ζj
  
  
ζj



ρλ =


1
ζj
ζ2j
  
ζp−1j

  ρµ = P
where ζ is a primitive pth root of unity, 1 ≤ i ≤ p− 1, 0 ≤ k ≤ p− 1 1 ≤
j ≤ p− 1.
(VIII) G = σ τ λµ  σp = τp = λp = µp2 = 1 µp = σστ = σλ =
σµ = σ τλ = τ τµ = στ λµ = τλ,
ρσ =


ζi
ζi
  
  
ζi


 ρτ =


1
ζi
ζ2i
  
ζp−1i

 
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ρλ =


ζk
ζk
ζk+i
ζk+i32
  
ζk+ip−12 


 ρµ = Pζi
or
ρσ =


1
1
  
  
1

  ρτ =


ζj
ζj
  
  
ζj



ρλ =


1
ζj
ζ2j
  
ζp−1j

  ρµ = P
where ζ is a primitive pth root of unity, 1 ≤ i ≤ p − 1, 0 ≤ k ≤ p − 1,
1 ≤ j ≤ p− 1.
(IX) G = σ τ λµ  σp = τp = λp = µp2 = 1 µp = σστ = σλ =
σµ = σ τλ = τ τµ = στ λµ = λ,
ρσ =


ζi
ζi
  
  
ζi


 ρτ =


1
ζi
ζ2i
  
ζp−1i

 
ρλ =


ζk
ζk
  
  
ζk


 ρµ = Pζi
where ζ is a primitive pth root of unity, 1 ≤ i ≤ p− 1, 0 ≤ k ≤ p− 1.
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(X) G = σ τ λµ  σp = τp = λp = µp2 = 1 µp = σστ = σλ =
σµ = σ τλ = τµ = τ λµ = τλ,
ρσ =


ζi
ζi
  
  
ζi


 ρτ =


ζj
ζj
  
  
ζj



ρλ =


1
ζj
ζ2j
  
ζp−1j

  ρµ = Pζ
i
where ζ is a primitive pth root of unity, 0 ≤ i ≤ p− 1, 1 ≤ j ≤ p− 1.
Proof. For the classiﬁcation of p-groups of order p4, p ≥ 5, see [Hu,
12.6. Satz, p. 346 ff]. To check the representations, we shall give a proof of
the group of type (IV). The proofs of other cases are similar.
Note that G′ ⊃ σp τ from the deﬁning relations of G. On the other
hand, it is routine to check that σp τ is a normal subgroup of G and
G/σp τ is abelian. Hence G′ = σp τ. Applying Lemma 3.1, there are
p2 − 1 irreducible representations of degree p for G.
We can check the p2 − 1 representations of degree p listed in
Theorem 3.2. Group (IV) is irreducible. Moreover, they are inequiva-
lent by Lemma 2.2. Hence the result.
If p = 2 3, the classiﬁcation of p-groups of order p4 is somewhat differ-
ent from that for p ≥ 5. See [Hu, Aufgaben 29 and Aufgaben 30, p. 349].
We just list the corresponding results, while the proof is left to the reader.
Theorem 3.3. For p = 3, there are precisely ten non-isomorphic non-
abelian groups of order p4 = 81. These groups and all of their irreducible
representations of degree p=3 are the same as those listed in Theorem 3.2
except that (VIII) should be replaced by the following
(VIII)′ G = σ τ λ  σ9 = τ3 = λ9 = 1 σ3 = λ3 στ = σσλ =
στ τλ = σ3τ,
ρ  G→ GL3K
ρσ =

ω
i
ωi
ω4i

  ρτ =

 1 ζi
ζ2i

 
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ρλ =

 0 0 ζ
i
1 0 0
0 1 0


or
ρσ =

 1 ζj
ζ2j

  ρτ =

 ζ
j
ζj
ζj

 
ρλ =

 0 0 11 0 0
0 1 0


where ω is a primitive 9th root or unity, ζ = ω3 i = 1 2 4 5 7 8 and
j = 1 2
Theorem 3.4. There are precisely nine non-isomorphic non-abelian
groups of order 16. These groups G and ρ  G → GL2K, all of their
irreducible representations of degree 2, are listed as
(I) G = σ τ  σ8 = τ2 = 1 στ = σ−1,
ρσ =
(
ηi 0
0 η−i
)
 ρτ =
(
0 1
1 0
)

where η is a primitive 8th root of unity, 1 ≤ i ≤ 3.
(II) G = σ τ  σ8 = τ4 = 1 σ4 = τ2 στ = σ−1,
ρσ =
(
ηi 0
0 η−i
)
 ρτ =
(
0 −1i
1 0
)

where η is a primitive 8th root of unity, 1 ≤ i ≤ 3.
(III) G = σ τ  σ8 = τ2 = 1 στ = σ5,
ρσ =
(
ηi 0
0 η5i
)
 ρτ =
(
0 1
1 0
)

where η is a primitive 8th root of unity, i = 1 3.
(IV) G = σ τ  σ8 = τ2 = 1 στ = σ3,
ρσ =
(
ηi 0
0 η3i
)
 ρτ =
(
0 1
1 0
)

where η is a primitive 8th root of unity, i = 1 2 5.
(V) G = σ τ λ  σ4 = τ2 = λ2 = 1 στ = σλ = σ τλ = σ2τ,
ρσ =
(
ωi 0
0 ωi
)
 ρτ =
(
1 0
0 −1
)
 ρλ =
(
0 1
1 0
)

where ω is a primitive 4th root of unity, i = 1 3.
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(VI) G = σ τ λ  σ4 = τ2 = λ2 = 1 στ = σ−1 σλ = σ τλ = τ,
ρσ =
(
ω 0
0 ω−1
)
 ρτ =
(
0 1
1 0
)
 ρλ =
( −1j 0
0 −1j
)

where ω is a primitive 4th root of unity, j = 0 1.
(VII) G = σ τ λ  σ4 = τ4 = λ2 = 1 σ2 = τ2 στ = σ−1 σλ =
σ τλ = τ,
ρσ =
(
ω 0
0 ω−1
)
 ρτ =
(
0 −1
1 0
)
 ρλ =
( −1j 0
0 −1j
)

where ω is a primitive 4th root of unity, j = 0 1.
(VIII) G = σ τ  σ4 = τ4 στ = σ−1,
ρσ =
(
ω 0
0 ω−1
)
 ρτ =
(
0 −1j
1 0
)

where ω is a primitive 4th root of unity, j = 0 1.
(IX) G = σ τ λ  σ4 = τ2 = λ2 = 1 στ = σσλ = στ τλ = τ,
ρσ =
(
ωi 0
0 ωi+2
)
 ρτ =
(−1 0
0 −1
)
 ρλ =
(
0 1
1 0
)

where ω is a primitive 4th root of unity, i = 0 1.
4. PROOF OF THEOREM 1.6
To prove the rationality of KV G, we shall ﬁnd a suitable normal series
H1 ⊂ H2 ⊂ · · · ⊂ Hr = G with Hi being normal in G and consider KV Hi ,
for i = 1 2     r, successively. Unfortunately there is no royal way in
choosing such a normal series. Moreover, in each step of working on the
rationality of KV Hi , we will “simplify” the action of Hi on KV Hi−1 , and
we will also “linearize” the action if it is a multiplicative action at ﬁrst sight.
The trick of simplifying the group action, which is used repeatedly in this
section, is the following.
Theorem 4.1 [M, Remark 3, p. 72; HK, Theorem 1]. Let G be a ﬁnite
group acting on Lx1     xm, the rational function ﬁeld of m variables over
a ﬁeld L such that
(i) for any σ ∈ G σL ⊂ L;
(ii) the restriction of the action of G to L is faithful;
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(iii) for any σ ∈ G,


σx1

σxm

 = Aσ


x1

xm

+ Bσ
where Aσ ∈ GLmL and Bσ is an m× 1 matrix over L.
Then there exist z1     zm ∈ Lx1     xm so that Lx1     xm =
Lz1     zm with σzi = zi for any σ ∈ G, any 1 ≤ i ≤ m.
Now we proceed to the proof of Theorem 1.6.
Step 1. G = p3, ρ is the irreducible representation of type (I) in
Theorem 2.3.
Since ω is a primitive p2th root of unity and p  i, ωi is also a primi-
tive root of unity. Without loss of generality we may assume that KV  =
Kx0     xp−1 and
σ  xi → ω1+ipxi for 0 ≤ i ≤ p− 1
τ  x0 → x1 → · · · → xp−1 → x0
Let ζ = ωp. Then Kx0 x1     xpσp = Ky0 y1     yp−1 where
y0 = xp0 , and yi = xi/xi−1 for 1 ≤ i ≤ p− 1. Moreover,
σ  yi → ζyi for 0 ≤ i ≤ p− 1 (1)
τ  y0 → yp1 y0 y1 → y2 → · · · → yp−1 → 1/y1 · · · yp−1 (2)
By Theorem 4.1, we can ﬁnd zp ∈ Ky0 y1     yp−1 such that
Ky0 y1     yp−1 = Ky1     yp−1 zp and σzp = τzp = zp.
Now Ky1     yp−1σ = Kz1     zp−1 where z1 = yp1 and zi =
yi/yi−1 for 2 ≤ i ≤ p− 1. It is routine to check that
τ  z1 → z1zp2 
z2 → z3 → · · · → zp−1 →
(
z1z
p−1
2 z
p−2
3 · · · z2p−1
)−1
→ z1zp−22 zp−33 · · · z2p−2zp−1 → z2
We claim that, by deﬁning w1 = z2, wi = τi−1z2 for 2 ≤ i ≤ p− 1, then
Kz1     zp−1 = Kw1 w2     wp−1 and
τ  w1 → w2 → · · · → wp−1 → 1/w1w2 · · ·wp−1
This can be veriﬁed by brutal force. However, it can be perceived more
conceptually as follows.
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The action of τ on the multiplicative group zλ11 zλ22 · · · z
λp−1
p−1  λi ∈ Z for
1 ≤ i ≤ p − 1 provides an integral representation of τ on a lattice N
with rank p − 1. Explicitly, N = ⊕p−1i=1 Zui is a free abelian group of rank
p− 1 with an action of τ:
τu1 = u1 + pu2 τui = ui+1 for 2 ≤ i ≤ p− 2
τup−1 = −u1 + p− 1u2 + p− 2u3 + · · · + 2up−1 (3)
τ2up−1 = u1 + p− 2u2 + p− 3u3 + · · · + 2up−2 + up−1
From Reiner’s Theorem on integral representations of cyclic groups of
prime order [R; Sw2, Theorem 4.19], N is isomorphic to a non-zero ideal
of Z	ζ
  Z	T 
/,pT  where ,pT  is the pth cyclotomic polynomial.
Since u2 is a generator of N as a module over Z	ζ
 (use the action of τ on
ui and use (3) also), it follows that N is isomorphic to Z	ζ
. In other words,
there exist w1 w2     wp−1 ∈ Kz1     zp−1 such that Kz1     zp−1 =
Kw1     wp−1 and
τ  w1 → w2 → · · · → wp−1 → 1/w1w2 · · ·wp−1
Certainly we can take w1 = z2.
Deﬁne v0 v1     vp−1 by
v0 = 1+w1 +w1w2 +w1w2w3 + · · · + w1w2 · · ·wp−1
v1 = 1/v0 − 1/p vi = w1w2 · · ·wi−1/v0 − 1/p for 2 ≤ i ≤ p− 1
Then Kw1     wp−1 = Kv1 v2     vp−1 and
τ  v1 → v2 → · · · → vp−1 → −v1 − v2 − · · · − vp−1
By Theorem 1.1, Kv1 v2     vp−1τ is rational over K.
It follows that KV G = Kx0     xp−1G = Ky1 y2     yp−1στ
zp = Kz1     zp−1τzp = Kv1     vp−1τzp is rational over K.
Step 2. G = p3, ρ is the irreducible representation of type (II) in
Theorem 2.3. (As to the case when G = 8 and ρ is the irreducible rep-
resentation of type (II)′ in Theorem 2.3, the rationality follows from a
theorem of E. Noether [M, Theorem 2; AHK, Theorem 3.4.].)
As in Step 1, we may write KV  = Kx0 x1     xp−1 and
σxi = ζxi τxi = ζixi for 0 ≤ i ≤ p− 1
λxi = xi+1 for 0 ≤ i ≤ p− 2 and λxp−1 = x0
It is clear that Kx0 x1     xp−1σ = Ky0 y1     yp−1 where y0 =
x
p
0 , yi = xi/xi−1 for 1 ≤ i ≤ p− 1. Moreover,
τ  y0 → y0 yi → ζyi for 1 ≤ i ≤ p− 1
λ  y0 → yp1 y0 y1 → y2 → · · · → yp−1 → 1/y1y2 · · · yp−1
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Again by Theorem 4.1, we can ﬁnd zp ∈ Ky0 y1     yp−1 such that
Ky0 y1     yp−1 = Ky1     yp−1 zp and τzp = λzp = zp. Note
that the actions of τ and λ on Ky1     yp−1 are the same actions of σ
and τ in (1) and (2). Hence Ky1     yp−1 zpτλ is rational over K as in
Step 1.
Step 3. G = p3, ρ is any linear representation over K.
By Maschke’s Theorem, the representation is equivalent to a direct
sum of irreducible representations. If all these irreducible representa-
tions are of degree one, then apply Theorem 1.1. If at least one of these
irreducible representations is of degree p, apply Theorem 4.1 again.
(Note that these degree p irreducible representations are faithful.) More
explicitly, if dimV = n≥p, then we can ﬁnd x0 x1     xp−1 ∈ V and
z1 z2     zn−p ∈ V such thatKV  = Kx0 x1     xp−1 z1 z2     zn−p
and the action of G on
∑p−1
i=0 K · xi is an irreducible representation of
degree p while the action of G on
∑n−p
j=1 K · zj is trivial. By Step 1 and
Step 2, we ﬁnd KV G = Kx0 x1     xp−1Gz1     zn−p is rational
over K.
Step 4. G = p4 and ρ is the irreducible representation of types (I)–
(III), (VI), (IX), (X) in Theorem 3.2 and Theorem 3.3.
The proof of the rationality of these cases is almost the same as in Step 1
or Step 2. For example, in the case of type (I) of Theorem 3.2, consider
the ﬁxed ﬁeld under the action of σp ﬁrst. Then apply Theorem 4.1. The
details are left to the reader.
Step 5. G = p4 and ρ is the irreducible representation of types (IV),
(V), (VII), (VIII), or (VIII)′ in Theorem 3.2 and Theorem 3.3.
We shall outline the proof of type (IV) in Theorem 3.2 as an illustration.
Note that the representations parametrized by 1 ≤ i ≤ p2 − 1, i.e., those
representations such that ρτ are scalar matrices, are not faithful. Thus
we may regard these representations as arising from representations of
p-groups of order ≤p3. They are taken care of by Step 3.
Hence it sufﬁces to assume that KV  = Kx0 x1     xp−1 such that
σxi = ω1+
i
2pxi τxi = ζixi λxi = xi+1.
Now Kx0 x1     xp−1σp = Kxp0  y1 y2     yp−1 where yi =
xi/xi−1 for 1 ≤ i ≤ p − 1. Moreover, it sufﬁces to consider the rationality
of Ky1 y2     yp−1στλ by Theorem 4.1. It is not difﬁcult to show that
Ky1 y2     yp−1τ = Kz1 z2     zp−1 where z1 = yp1 , zi = yi/yi−1 for
2 ≤ i ≤ p− 1.
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Now Kz1 z2     zp−1σ = Ku1 u2     up−1 where u1 = z1 u2 =
z
p
2  ui = zi/zi−1 for 3 ≤ i ≤ p− 1. Moreover, λ acts on ui by
λ  u1 → u1u2 u2 → u2up3 
u3 → u4 → · · · → up−1 →
(
u1u
p−1/2
2 u
p−12 
3 u
p−22 
4 · · ·u
32
p−1
)−1

As in Step 1, the above action of λ provides an integral representation
of λ on a lattice of rank p− 1. Since u3 generates this lattice as a Zλ-
module, it follows that this lattice is isomorphic to Z	ζ
  Z	T 
/,pT . It
follows that the action of λ can be linearized as in Step 1 and the rationality
of Ku1     up−1λ can be obtained in the same way.
Step 6. G = 16 and ρ is the 2-dimensional irreducible representa-
tion of types (I)–(IX) in Theorem 3.4.
Apply E. Noether’s Theorem [M, Theorem 2; AHK, Theorem 3.4].
Hence the result.
Step 7. G = p4 and ρ is any linear representation of G. This case
can be solved as in Step 3. In fact, let V = V1 ⊕ V2 ⊕ · · · ⊕ Vr and ρi  G→
GLVi be the irreducible representation induced by ρ.
If dim Vi = 1 for all 1 ≤ i ≤ r, then apply Theorem 1.1.
If dim Vi = p for some i and ρi is a faithful representation of G, then
apply Theorem 4.1 as in Step 3.
If dim Vk = p for some k and all of these irreducible representations
of degree p are not faithful, then it is necessary that Gρk is of type
(IV) with 1 ≤ j ≤ p − 1, type (V) with 1 ≤ j ≤ p − 1, type (VII) with
1 ≤ j ≤ p − 1, type (VIII) or type (VIII)′ with 1 ≤ j ≤ p − 1, type (IX)
with k = 0, and type (X) with i = 0 in Theorem 3.2 and Theorem 3.3. (The
situation when p = 2 can be discussed similarly.)
As an example, suppose that dim V1 = dim V2 = · · · = dim Vs = p,
dim Vs+1 = dim Vs+2 = · · · = dim Vr = 1, and ρ1 ρ2     ρs are of type
(IV) for some 1 ≤ j ≤ p − 1 in Theorem 3.2. Then σp = Kerρ1 =
Kerρ2 = · · · = Kerρs. If σp ∈ Kerρk for all s + 1 ≤ k ≤ r, then
we can regard ρ as a representation of a p-group of order p3. If σp
acts on Vs+1 non-trivially, write Vk = K · zk for s + 1 ≤ k ≤ r. Then
KV σp = KV1 ⊕ · · · ⊕ Vszps+1 zs+2zλ1s+1     zrz
λr−s−1
s+1  for some integers
λ1 λ2     λr−s. Now the representation ρ1 is a faithful representation of
G/σp and KV G = KV σpG/σp. Thus we can apply Theorem 4.1.
This ﬁnishes the proof of Theorem 1.6.
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